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Properties
1. Linearity
F(f + g)(s) = Ff(s) + Fg(s)
F(αf)(s) = αFf(s)
where α ∈ R.
2. The shift theorem write fb(t) = f(t+ b) then:
Ffb(s) = e2pi isbFf(s)
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3. The stretch theorem We want to know if we scale t to at what
happens to the Fourier transform of af(t) := f(at).
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3. The stretch theorem We want to know if we scale t to at what
happens to the Fourier transform of af(t) := f(at).
Faf(s) =
1
|a|fˆ
(
s
a
)
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4. Combining shifts and stretches We can combine the shift
theorem and the stretch theorem to find the Fourier transform of
afb(t) := f(at+ b)
Fafb(s) =
1
|a|e
2pi isb/a fˆ
(
s
a
)
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
To obtain this formula simply evaluate the FT of f ′(t) :
Ff ′(s) =
∫ +∞
−∞
e−2pi istf ′(t)dt
and integrate by parts.
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Derivative theorem If f ∈ L1(R) is a differentiable function, then
Ff ′(s) = 2pi isFf(s)
To obtain this formula simply evaluate the FT of f ′(t) :
Ff ′(s) =
∫ +∞
−∞
e−2pi istf ′(t)dt
and integrate by parts.
Formulæ for higher derivatives also hold, and the result is:
Ff (n)(s) = (2pi is)nFf(s)
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Convolution The convolution of two functions f(t) and g(t) is the
function
(f ? g)(t) =
∫ +∞
−∞
f(t− x)g(x)dx
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Convolution The convolution of two functions f(t) and g(t) is the
function
(f ? g)(t) =
∫ +∞
−∞
f(t− x)g(x)dx
Observe that (g ? f)(t) = (f ? g)(t).
If f(t) = e−t
2
evaluate (f ? f)(t)
By definition we have
(f ? f)(t) =
∫ ∞
−∞
f(t− x)f(x)dx
Thus when f(t) = e−t
2
we get
(f ? f)(t) =
∫ ∞
−∞
e−(t−x)
2
e−x
2
dx =
∫ ∞
−∞
e−(t
2−2tx+2x2)dx
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Quoting Wikipedia: In elementary algebra, completing the square is
a technique for converting a quadratic polynomial of the form
ax2 + bx+ c
to the form
a(· · · )2 + constant
In this context, “constant” means not depending on x. The expression
inside the parenthesis is of the form (x−constant). Thus one converts
ax2 + bx+ c to
a(x− h)2 + k
and one must find h and k.
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
This means that in our situation
t2 − 2tx+ 2x2 = 2
(
x− 2t
4
)2
+ t2 − 4t
2
8
= 2
(
x− t
2
)2
+
t2
2
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So it is easy to see that
ax2 + bx+ c = a
(
x+
b
2a
)2
+ c− b
2
4a
This means that in our situation
t2 − 2tx+ 2x2 = 2
(
x− 2t
4
)2
+ t2 − 4t
2
8
= 2
(
x− t
2
)2
+
t2
2
We can take advantage of this to evaluate our given integral
(f ? f)(t) =
∫ ∞
−∞
e−(t
2−2tx+2x2)dx
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
e−(
√
2x− t√
2)
2
dx
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du
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(f ? f)(t) = e−
t2
2
∫ ∞
−∞
e−(
√
2x− t√
2)
2
dx
Put
√
2x− t√
2
= u then x =
u√
2
− t
2
=⇒ dx = 1√
2
du Summarizing
(f ? f)(t) =
e−
t2
2√
2
∫ ∞
−∞
e−u
2
du =
√
pi
2
e−
t2
2
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Theorem
F(g ? f)(s) = Fg(s)Ff(s)
Proof Use Fubini’s Theorem:
F((g ? f)(s) =
∫ ∞
−∞
(g ? f)(t)e−2piistdt
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F(g ? f)(s) = Fg(s)Ff(s)
Proof Use Fubini’s Theorem:
F((g ? f)(s) =
∫ ∞
−∞
(g ? f)(t)e−2piistdt
=
∫ ∞
−∞
(∫ ∞
−∞
g(t− x)f(x)e−2piistdx
)
dt
=
∫ ∞
−∞
(∫ ∞
−∞
g(t− x)f(x)e−2piistdt
)
dx
=
∫ ∞
−∞
f(x)
(∫ ∞
−∞
g(t− x)e−2piistdt
)
dx
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putting t− x = u =⇒ dt = −du
F((g ? f)(s) =
∫ ∞
−∞
f(x)
(∫ ∞
−∞
g(u)e−2piis(u+x)du
)
dx
=
∫ ∞
−∞
f(x)e−2piisx
(∫ ∞
−∞
g(u)e−2piisudu
)
dx
= Fg(s)
∫ ∞
−∞
f(x)e−2piisxdx
= Fg(s)Ff(s)
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Another interesting property is:
F(gf)(s) = (Fg ? Ff) (s)
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Partial differential equations
A partial differential equation (PDE) is a relation that involves partial
derivatives of an unknown function. Let the unknown function be
u, and x, y, z, . . . be independent variables, i.e., u = u(x, y, z, . . .).
Often, one of these variables represents the time.
F (x, y, z, u, ux, uy, uz, uxx, uxy, · · · , uxxx, · · · ) = 0. (pde)
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By a solution of (pde) we mean a continuous function u = u(x, y, z, · · · ),
with continuous partial derivatives, which, when substituted in (pde),
reduces equation (pde) to an identity.
For instance u(x, t) = xex−t solves ut = uxx − 2ux
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
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The heat equation Besides this equation arises in Mathematical
Physics it is of interest in Mathematical Finance also. We deal with
the partial differential equationut(x, t) = uxx(x, t) for t > 0, x ∈ R
u(x, 0) = f(x) for t = 0, x ∈ R
(H)
we assume u and ux finite as |x| → ∞, t > 0 and both f(x) and
u(x, t) are defined for −∞ < x < +∞.
Knowing the Fourier transform of the Gaussian is essential for the
treatment we are about to give. The idea is to take the Fourier tran-
sform of both sides of the heat equation, “with respect to x” thinking
t as a “parameter”
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Theorem Solution to (H) is given by the formula
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
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Theorem Solution to (H) is given by the formula
u(x, t) =
1√
4pi t
∫ +∞
−∞
exp
(−(x− y)2
4t
)
f(y)dy
or, introducing the heat kernel
H(x, t) = 1√
4pi t
e−x
2/4t
by the formula
u(x, t) =
∫ ∞
−∞
H(x− y, t) f(y)dy
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The Fourier transform of the right hand side of the equation (H),
uxx(x, t), is
Fuxx(s, t) = (2pi is)2Fu(s, t) = −4pi2s2Fu(s, t)
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For the left hand side, ut(x, t), we do something different. We have
Fut(s, t) =
∫ +∞
−∞
ut(x, t)e
−2pi isxdx
=
∂
∂t
∫ +∞
−∞
u(x, t)e−2pi isxdx
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∂
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
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despite the partial derivative symbol, and we can solve it:
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Thus taking the Fourier transform (with respect to x) of both sides
of the equation ut(x, t) = uxx(x, t) leads to
∂
∂t
Fu(s, t) = −4pi2s2Fu(s, t)
This is a differential equation in t, an ordinary differential equation,
despite the partial derivative symbol, and we can solve it:
Fu(s, t) = Fu(s, 0) e−4pi2s2t
What is the initial condition Fu(s, 0)?
Fu(s, 0) =
∫ +∞
−∞
u(x, 0)e−2pi isxdx =
∫ +∞
−∞
f(x)e−2pi isxdx = Ff(s)
